The purpose of this paper is to study the construction of 3-Bihom-Lie algebras. We give some ways of constructing 3-Bihom-Lie algebras from 3-Bihom-Lie algebras and 3totally Bihom-associative algebras. Furthermore, we introduce T θ -extensions and T * θextensions of 3-Bihom-Lie algebras and prove the necessary and sufficient conditions for a 2n-dimensional quadratic 3-Bihom-Lie algebra to be isomorphic to a T * θ -extension.
Introduction
Bihom-algebras first appeared in [10] while investigating categorical of Hom-algebras. This class of algebras is an algebra with two homomorphisms α and β. When α = β, Bihom-algebras will be return to Hom-algebras. And when α = β are identity maps, Bihom-algebras will be return to algebras. Since then many authors are interested in Bihom-algebras, such as Bihom-Lie algebras, Bihom-Lie superalgebras, Bihom-Lie colour algebras in [2, 9, 12, 16] . In particular, the definition of n-Bihom-Lie algebras and n-Bihom-Associative algebras were introduced in [11] . Then the generalized derivations of 3-BiHom-Lie superalgebras and n-BiHom-Lie algebras are studied in [5, 6] .
The notion of the T * θ -extension of Lie algebras was introduced by Bordemann in [8] . It is one of the main tools to prove that every symplectic quadratic Lie algebra is a special symplectic Manin algebra in [3] . Then this idea is applied to generalize other algebras and the resulting algebras are studied, for example, 3-Lie algebras, 3-Hom-Lie algebras, Hom-Lie algebras and Bihom-Lie superalgebras etc. in [4, 7, 13, 14, 15, 18] . In this paper, we study the T * θ -extension of 3-Bihom-Lie algebras.
The paper is organized as follows. In Section 2 we recall the definition of 3-Bihom-Lie algebras, and show that a 3-Bihom-Lie algebra is given by the direct sum of two 3-Bihom-Lie algebras and the tensor product of a 3-totally Bihom-associative algebra and a 3-Bihom-Lie algebra. Also we prove that a homomorphism between 3-Bihom-Lie algebras is a morphism if and only if its graph is a Bihom subalgebra. In Section 3 we give the definition of representations of 3-Bihom-Lie algebras. We can obtain the semidirect product 3-Bihom-Lie algebra (L ⊕ M, [·, ·, ·] ρ , α + α M , β + β M ) associated with any representation ρ of a 3-Bihom-Lie algebra (L, [·, ·, ·], α, β) on M. And we can get a T θ -extension of (L, [·, ·, ·], α, β) by a 3-cocycle θ. In Section 4 T * θ -extensions of 3-Bihom-Lie algebras are studied. We give the necessary and sufficient conditions for a 2n-dimensional quadratic 3-Bihom-Lie algebra to be isomorphic to a T * θ -extension.
Definitions and derivations of 3-Bihom-Lie algebras
Inspired by [1, 17] , we give some construction of 3-Bihom-Lie algebras, and similar conclusions are deduced.
Definition 2.1. [11] A 3-Bihom-Lie algebra over a field K is a 4-tuple (L, [·, ·, ·], α, β), where L is a vector space, 3-linear operator [·, ·, ·] : L × L × L → L and two linear maps α, β : L → L satisfying the following conditions, ∀ x, y, z, u, v ∈ L, A 3-Bihom-Lie algebra is called a regular 3-Bihom-Lie algebra if α and β are algebra automorphisms.
Obviously, a 3-Hom-Lie algebra (L, [·, ·, ·], α) is a particular case of 3-Bihom-Lie algebras, namely, (L, [·, ·, ·], α, α). Conversely, a 3-Bihom-Lie algebra (L, [·, ·, ·], α, α) with isomorphism α is a 3-Hom-Lie algebra (L, [·, ·, ·], α).
Definition 2.2. [11]
A sub-vector space η ⊆ L is a Bihom subalgebra of (L, [·, ·, ·], α, β) if α(η) ∈ η, β(η) ∈ η and [x, y, z] ∈ η, ∀ x, y, z ∈ η. It is said to be a Bihom ideal of (L, [·, ·, ·], α, β) if α(η) ∈ η, β(η) ∈ η and [x, y, z] ∈ η, ∀ x ∈ η, y, z ∈ L. Proposition 2.3. [11, Theorem 1.12] Let (L, [·, ·, ·]) be a 3-Lie algebra, and α, β : L → L be algebraic homomorphisms such that α • β = β • α. The (L, [·, ·, ] αβ , α, β), where [·, ·, ] αβ is defined by [x, y, z] αβ = [α(x), α(y), β(z)], ∀ x, y, z ∈ L, is a 3-BiHom-Lie algebra. Proposition 2.4. Let (L, [·, ·, ·], α, β) be a 3-BiHom-Lie algebra, α ′ , β ′ : L → L be two algebraic homomorphisms and any two of the maps α, β, α
Proof. First we check that the bracket product [·, ·, ·] α ′ ,β ′ is compatible with the structure maps α • α ′ and β • β ′ . For any x, y, z ∈ L, we have
In the same way,
Now we prove the 3-Bihom-Jacobi identity. For any x, y, z, u, v ∈ L, we have
By the 3-Bihom-Jacobi identity of [·, ·, ·], we can obtain [·, ·, ·] α ′ ,β ′ satisfies the 3-Bihom-Jacobi identity.
Corollary 2.5. Let (L, [·, ·, ·], α, β) be a 3-BiHom-Lie algebra. Then (L, [·, ·, ·] k := [·, ·, ·] • (α k ⊗ α k ⊗ β k ), α k+1 , β k+1 ) is a 3-Bihom-Lie algebra.
Proof. Apply Proposition 2.4 with α ′ = α k and β ′ = β k .
Definition 2.6.
[11] A 3-totally BiHom-associative algebra is a vector space A together with a 3-linear map µ : A × A × A → A and two linear maps α, β : A → A, with notation µ(a 1 , a 2 , a 3 ) = a 1 a 2 a 3 , satisfying the following conditions, ∀ a 1 , a 2 , a 3 , a 4 , a 5 ∈ A,
(2) α(a 1 a 2 a 3 ) = α(a 1 )α(a 2 )α(a 3 ) and β(a 1 a 2 a 3 ) = β(a 1 )β(a 2 )β(a 3 ),
(3) (a 1 a 2 a 3 )β(a 4 )β(a 5 ) = α(a 1 )(a 2 a 3 a 4 )β(a 5 ) = α(a 1 )α(a 2 )(a 3 a 4 a 5 ).
Proposition 2.7. Let (A, µ, α 1 , β 1 ) be a 3-totally BiHom-associative algebra and (L, [·, ·, ·], α 2 , β 2 ) a 3-BiHom-Lie algebra. If α 1 is surjective and ∀ a 1 , a 2 , a 3 ∈ A,
Then (A ⊗ L, [·, ·, ·] A⊗L , α, β) is a 3-BiHom-Lie algebra, where the 3-linear map [·, ·, ·] A⊗L :
and the two linear maps α, β :
Proof. Since α 1 β 1 = β 1 α 1 and α 2 β 2 = β 2 α 2 , we have αβ = βα. Meanwhile because α 1 , β 1 , α 2 , β 2 are algebraic homomorphisms, that shows α and β are algebraic homomorphisms.
Next we prove [·, ·, ·] A⊗L satisfies Bihom-skewsymmetry,
Similarly, we can get
Finally we prove the 3-Bihom-Jacobi identity,
where using (1) in the second equality.
Thus (A ⊗ L, [·, ·, ·] A⊗L , α, β) is a 3-BiHom-Lie algebra.
In [11] , 3-BiHom-Lie algebras can be induced by BiHom-Lie algebras. Now we can get a Bihom-Lie algebra by a 3-Bihom-Lie algebra. Next we prove the Bihom-Jacobi identity,
Thus, (L, [·, ·], α, β) is a Bihom-Lie algebra. Proposition 2.9. Given two 3-Bihom-Lie algebras (L, [·, ·, ·], α, β) and
and the two linear maps α + α ′ , β + β ′ : L ⊕ L ′ → L ⊕ L ′ are given by
Proof. Since α, β, α ′ , β ′ are algebraic homomorphisms, that shows α + α ′ and β + β ′ are algebraic homomorphisms. For any u i ∈ L, v i ∈ L ′ , i = 1, 2, 3, 4, 5, we have
Next, we consider the Bihom-skewsymmetry,
Finally, we prove the 3-Bihom-Jacobi identity,
By the 3-Bihom-Jacobi identity of [·, ·, ·] and [·, ·, ·] ′ , [·, ·, ·] L⊕L ′ satisfies the 3-Bihom-Jacobi identity.
Thus the graph φ f is closed under the bracket operation [·, ·, ·] L⊕L ′ . Furthermore, we have
Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra. For any integers k and l, denote by α k the k-times composition of α and β l the l-times composition of β, i.e.
Since the maps α, β commute, we denote by
Denote by Der α k β l (L) the set of α k β l -derivations of (L, [·, ·, ·], α, β). Now let (L, [·, ·, ·], α, β) be a regular 3-Bihom-Lie algebra, for any u ∈ L satisfying
In [5] , we can find 
Then (L, ad, α, β) is a representation of (L, [·, ·, ·], α, β), called adjoint representation.
Proof. Follows a direct computation by the definition of representations.
, and the bracket [·, ·, ·] ρ is defined by
for all u, v, w ∈ L and x, y, z ∈ M. We call L ⋉ M the semidirect product of the 3-Bihom-Lie algebra (L, [·, ·, ·], α, β) and M.
Then, we can obtain (α + α M ) is a algebraic homomorphism,
Similarly, (β + β M ) is a algebraic homomorphism.
Next we show that [·, ·, ·] ρ satisfies Bihom skewsymmetry,
In the same way, we also have
Finally, we can obtain for all u i ∈ L, x i ∈ M, i = 1, 2, 3, 4, 5, 
Then θ is called a 3-cocycle associated with ρ. 
, and the bracket [·, ·, ·] θ is defined by 
for all x, y, z ∈ L, is a 3-cocycle associated with ρ.
Proof. ∀ x, y, z ∈ L, we have
We also have θ f (β(x), β(y), β(z)) = β M θ f (x, y, z).
Next, a calculation shows that Similarly, we can get θ f (β(x), β(y), α(z)) = −θ f (β(x), β(z), α(y)).
It follows that θ f is a 3-cocycle associated with ρ. 
Proof. It is clear that σ is a bijection. Next, for every v i ∈ L, x i ∈ M, i = 1, 2, 3,
Then we can obtain
That shows σ is a isomorphism.
T * θ -extensions of 3-Bihom-Lie algebras
The method of T * θ -extension was introduced in [8] and has already been used for 3-Lie algebras in [4] and 3-hom-Lie algebras in [15] . Now we will generalize it to 3-Bihom-Lie algebras. 
Then we can get ρ(αβ(u), αβ(v)) •ρ(x, y)(f ) = −ρ(αβ(u), αβ(v))(f ρ(x, y)) = f ρ(x, y)ρ(αβ(u), αβ(v)) and That shows the theorem holds. We call the representation ad * the coadjoint representation of L.
Under the above notations, assume that the coadjoint representation ad * exists and α, β are bijective. From Proposition 3.5, (L ⊕ L * , [·, ·, ·] θ , α +α, β +β) is a 3-Bihom-Lie algebra by a 3-cocycle θ : L × L × L → L * associated with ad * . L is called solvable and nilpotent (of length k) if and only if there is a (smallest) integer k such that L (k) = 0 and L k = 0, respectively. Theorem 4.6. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra over a field K.
(1) If L is solvable, then (L ⊕ L * , [·, ·, ·] θ , α +α, β +β) is solvable.
(2) If L is nilpotent, then (L ⊕ L * , [·, ·, ·] θ , α +α, β +β) is nilpotent.
Proof. (1) We suppose that L is solvable of length s, i.e. L (s) = [L (s−1) , L (s−1) , L] = 0. We claim that (L ⊕ L * ) (k) ⊆ L (k) + L * , which we prove by induction on k. The case k = 1, by Proposition 3.5, we have It follows (L ⊕ L * , [·, ·, ·] θ , α +α, β +β) is solvable.
(2) Suppose that L is nilpotent of length s. Since (L ⊕ L * ) s /L * ∼ = L s and L s = 0, we
Thus (L ⊕ L * , [·, ·, ·] θ , α +α, β +β) is nilpotent. Now we consider the following symmetric bilinear form q L on L ⊕ L * ,
Obviously, q L is nondegenerate. In fact, if x + f is orthogonal to all elements y + g of L ⊕ L * , then f (y) = 0 and g(x) = 0, which implies that x = 0 and f = 0. 
Proof. Now suppose that x i + f i ∈ L ⊕ L * , i = 1, 2, 3, 4, we have
Then α +α is q L -symmetric. In the same way, β +β is q L -symmetric.
Next, we can obtain
if and only if θ(β(x 1 ), β(x 2 ), α(x 3 ))(α(x 4 )) + θ(β(x 1 ), β(x 2 ), α(x 4 ))(α(x 3 )) = 0.
Hence the lemma follows. Now, we shall call the quadratic 3-Bihom-Lie algebra (L ⊕ L * , q L , α +α, β +β) the T * θ -extension of L (by θ) and denote by T * θ (L). (⇐=) Suppose that I is a n-dimensional isotropic Bihom-ideal of L. By Lemma 4.8, [β(I), β(L), α(I)] = 0. Let B = L/I and p : L → B be the canonical projection. We can choose an isotropic complement subspace B 0 to I in L, i.e. L = B 0 ∔ I and B 0 ⊆ B ⊥ 0 . Then B ⊥ 0 = B 0 since dimB 0 = n. Denote by p 0 (resp. p 1 ) the projection L = B 0 ∔ I → B 0 (resp. L = B 0 ∔ I → I) and let q * L : I → B * is a linear map, where q * L (i)(x) := q L (i, x), ∀ i ∈ I,x ∈ B = L/I. We claim that q * L is a vector space isomorphism. In fact, ifx =ȳ, then x − y ∈ I, hence q L (i, x − y) ∈ q L (I, I) = 0 and so q L (i, x) = q L (i, y), which implies q * L is well-defined and it is easy to see that q * L is linear. If q * L (i) = q * L (j), then q * L (i)(x) = q * L (j)(x), ∀ x ∈ L, i.e. q L (i, x) = q L (j, x), which implies i − j ∈ L ⊥ = 0, hence q * L is injective. Note that dimI = dimB * = n, then q * L is surjective. In addition, q * L has the following property, ∀ x, y, z ∈ L, i ∈ I, = −q * L (α(i))ad(β(x), β(y))(α(z)) = ad * (β(x), β(y))q * L (α(i))(α(z)).
A similar computation shows that q * L ([β(x), β(i), α(y)]) = −ad * (β(x), β(y))q * L (α(i)), q * L ([β(i), β(x), α(y)]) = ad * (β(x), β(y))q * L (α(i)). Define a 3-linear map
Then θ is well-defined since p| B 0 is a vector space isomorphism. = [β(x), β(y), α(z)] + θ(β(x), β(y), α(z)) + ad * (β(x), β(y))q * L (α(k)) −ad * (β(x), β(z))q * L (α(j)) + ad * (β(y), β(z))q * L (α(i)) = [β(x) + q * L (β(i)), β(y) + q * L (β(j)), α(z) + q * L (α(k))] θ = [ϕ(β(x) + β(i)), ϕ(β(y) + β(j)), ϕ(α(z) + α(k))] θ .
Then ϕ is an isomorphism of algebras, and (B ⊕ B * , [·, ·, ·] θ ,ᾱ +α,β +β) is a 3-Bihom-Lie algebra. Furthermore, we have q B (ϕ(x + i), ϕ(y + j)) = q B (x + q * L (i),ȳ + q * L (j)) = q * L (i)(ȳ) + q * L (j)(x) = q L (i, y) + q L (j, x) = q L (x + i, y + j), then ϕ is isometric. And ∀ x, y, z, w ∈ L, the relation q B ([(β +β)(ϕ(x)), (β +β)(ϕ(y)), (ᾱ +α)(ϕ(z))] θ , (ᾱ +α)(ϕ(w))) = q B ([ϕ(β(x)), ϕ(β(y)), ϕ(α(z))] θ , ϕ(α(w))) = q B (ϕ([β(x), β(y), α(z)]), ϕ(α(w))) = q L ([β(x), β(y), α(z)], α(w)) = −q L (α(z), [β(x), β(y), α(w)]) = −q B (ϕ(α(z)), [ϕ(β(x)), ϕ(β(y)), ϕ(α(w))] θ ) = −q B ((β +β)(ϕ(z)), [(β +β)(ϕ(x)), (β +β)(ϕ(y)), (ᾱ +α)(ϕ(w))] θ ), which implies that q B is αβ-invariant. So (B ⊕ B * , q B ,β +β,ᾱ +α) is a quadratic 3-Bihom-Lie algebra. Thus, the T * θ -extension (B ⊕ B * , q B ,β +β,ᾱ +α) of B is isometric to (L, q L , α, β).
